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ABSTRACT. This paper is focused on delamination fracture analyses of a 
multilayered functionally graded circular shaft under two loading 
combinations (centric tension and torsion, and bending and torsion) assuming 
non-linear elastic mechanical behavior of the material. The loading 
combinations under consideration generate mixed-mode II/III delamination 
crack loading conditions (the centric tension and bending generate mode II 
crack loading, while the torsion is responsible for mode III crack loading). 
The shaft is made by concentric longitudinal layers. The number of layers is 
arbitrary. Besides, each layer has individual thickness and material properties. 
The material in each layer is functionally graded in radial direction. Hyperbolic 
laws are used to describe the continuous variation of material properties in 
radial direction. A cylindrical delamination crack (the crack front is a circle) is 
located arbitrary between layers. The delamination fracture is studied in terms 
of the strain energy release rate by analyzing the energy balance. In order to 
verify the solution obtained, the strain energy release rate is derived also by 
differentiating the complementary strain energy with respect to the 
delamination crack area. Parametric investigations of the behavior of the 
cylindrical delamination crack are carried-out. The present paper is a 
contribution in the fracture mechanics of multilayered functionally graded 
non-linear elastic circular shafts under combined loads.   
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INTRODUCTION  
 
ne of the main advantages of the functionally graded materials over the traditional structural materials is the 
material property graded distribution [1 - 6]. Very often, fracture is the critical failure mode for the functionally 
graded structures to lose their structural capacity [7 - 10]. Therefore, the study of fracture mechanics of O 
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functionally graded materials plays an important role in the design of various structural members and devices made by 
these novel un-homogeneous materials. Understanding the fracture behavior of functionally graded structures under 
various loading conditions is vital for the further development of the methods for safety design.  
The present paper deals with analyses of a cylindrical delamination crack in a multilayered functionally graded non-linear 
elastic circular shaft under combined loads. It should be mentioned that in one of the previous works of the author, non-
linear analyses of cylindrical delamination cracks in circular shafts have been developed assuming that the shafts are 
loaded in pure torsion only [10]. However, in reality, the circular shafts usually are under various load combinations which 
include torsion (this fact is the basic motive for writing the present paper).      
 
 
FRACTURE ANALYSIS IN TERMS OF THE STRAIN ENERGY RELEASE RATE  
 
Shaft under centric tension and torsion 
he multilayered functionally graded circular shaft, shown schematically in Fig. 1, is under consideration. The shaft 
is made of adhesively bonded concentric longitudinal layers. In each layer, the material is functionally graded in 
radial direction. Besides, the functionally graded material exhibits non-linear mechanical behavior.  
 
 
Figure 1: Multilayered functionally graded circular shaft loaded in centric tension and torsion. 
 
The number of layers is arbitrary. Also, each layer has individual thickness and material properties. The shaft cross-section 
is a circle of radius, R . The length of the shaft is 2l . The shaft is loaded in centric tension and torsion, respectively, by 
longitudinal forces, F , and torsion moments, T , applied at the end sections of the shaft as shown in Fig. 1. A circular 
notch is cut-out in the middle of the shaft in order to generate conditions for delamination fracture. It is assumed that a 
cylindrical delamination crack of length, 2a , is located symmetrically with respect to the middle of the shaft. The 
delamination crack represents a cylindrical surface (the crack front is a circle of radius, br ). Thus, the internal crack arm is 
a shaft of length, 2a , and circular cross-section of radius, br . The external crack arm is a shaft of length, 2a ,  and ring-
shaped cross-section of internal radius, br , and external radius, R . The delamination crack is located arbitrary between 
layers. The circular notch divides the external crack arm in two symmetric segments of length, a , each. Apparently, the 
two segments of the external crack arm are free of stresses (Fig. 1). Due to the symmetry, only half of the shaft, 
2l x l  , is analyzed.      
In the present paper, the delamination fracture is studied in terms of the strain energy release rate. It is obvious that the 
longitudinal force, F , induces mode II crack loading conditions. The mode II component of the strain energy release 
rate, IIG , is determined by analyzing the energy balance. By assuming an increase of the crack length, a , the energy 
balance is written as 
 
    F II C
UF u a G l a
a
                                                                                                                 (1) 
 
T 
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where u  is the increase of the longitudinal displacement of the end section of the shaft, FU  is the strain energy 
cumulated in half of the shaft as a result of the centric tension by F , Cl  is the length of the crack front. By substituting 
of 2C bl r  in (1), IIG  is obtained as 
 
12
2 2
F
II
b b
UF uG
r a r a 
                                                                                                 (2) 
 
The expression in brackets in (2) is doubled due to the symmetry (Fig. 1).  
It should be specified that the present delamination fracture analysis is valid for non-linear elastic behavior of the material. 
The analysis can also be applied for elastic-plastic behavior if the shaft undergoes active deformation, i.e. if the external 
loading increases only [11, 12]. It should also be mentioned that the present analysis is carried-out assuming validity of the 
small strains assumption.     
By using methods of Mechanics of materials, one obtains     
 
 L Hu a l a                                                                                                 (3) 
 
where L  and H  are, respectively, the longitudinal strains in the internal crack arm and the un-cracked shaft portion, 
2l a x l   , induced by the longitudinal force, F .  
 
 
Figure 2: Cross-section of the internal crack arm loaded in centric tension and torsion. 
 
The longitudinal strain in the internal crack arm is determined from the following equation for equilibrium of the cross-
section of the internal crack arm:
 
 
1
1 i
i n
i
i A
F dA


                                                                                                 (4) 
 
where 1n  is the number of layers in the internal crack arm, i  is the distribution of the longitudinal normal stresses in the 
i-th layer, iA  is the area of the cross-section of the same layer.   
In the present paper, the mechanical behavior of the functionally graded material in the i-th layer is described by the 
following non-linear stress-strain relation [13]: 
 
i
i is p
                                                                                                       (5) 
 
where is  and ip  are the distributions of the material properties in the same layer,   is the longitudinal strain.  
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The properties, is  and ip , vary continuously in the radial direction of the i-th layer according to the following hyperbolic 
laws: 
 
1
1
i
i
B
i
i
D
i i
s
s r rs
r r
  
                                                                                     (6) 
 
1
1
i
i
B
i
i
D
i i
p
p r rp
r r
  
                                                                        (7) 
 
where 
iBs , iDs , iBp  and iDp  are material properties ( iDs  and iDp  control the material gradient of is  and ip , 
respectively), ir  and 1ir   are shown in Fig. 2. In (6) and (7), the radius, r , varies in the interval  1;i ir r  .      
It should be mentioned that the distribution of the longitudinal strains is analyzed assuming validity of the hypothesis for 
plane sections, since the length to diameter of the cross-section ratio of the shaft under consideration is large. Thus, L  
is distributed uniformly in the cross-section of the internal crack arm. Hence, by substituting of (5), (6) and (7) in (4), one 
derives 
 
   1 2 2 3 31 1
1
2
2 3
i n
i i
L i i i i
i
F r r r r 

 

                                                  (8) 
 
where  
 
1
i i
i
B L B
i i
s p 
 


                                                                                               (9) 
 
2 2
2
i i i i
i i
B D L B D
i i i i
i
B L B
i i
s s p p
s p

    
 


   
                                                                                                           (10) 
 
1i i ir r                                                                                                                    (11) 
 
1 iD ii
i
s r                                                                                                                         (12) 
 
1 iD ii
i
p r                                                                                                           (13) 
 
It should be noted that by substituting of 0
iDs   and 0iBp   in (8), one obtains 
 
   1 2 21
1
1
i
i n
L i i
i B
F r r
s




                                                                        (14) 
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which is exact match of the equation for equilibrium of multilayered circular shaft made by homogeneous linear-elastic 
layers loaded in centric tension [14]. This fact is an indication for consistency of Eqn. (8) since at 0
iDs   and 0iBp   the 
non-linear stress-strain relation (5) transforms in the Hooke’s law assuming that 1/
iBs  is the modulus of elasticity in the 
i-th layer.  
Eqn. (8) should be solved with respect to L  by using the MatLab computer program.  
Eqn. (8) is applied also to determine H . For this purpose, 1n  and L  are replaced, respectively, with n  and H  in 
(8), (9) and (10). Here, n  is the number of layers in the un-cracked shaft portion.  
 
 
Figure 3: Non-linear    diagram. 
 
Since the external crack arm is free of stresses (Fig. 1), the strain energy cumulated in half of the shaft as a result of the 
centric tension is written as 
 
  F FL FHU U U                                                   (15) 
 
where FLU  and FHU  are the strain energies in the internal crack arm and the un-cracked shaft portion, respectively.  
The strain energy in the internal crack arm is obtained by addition of strain energies cumulated in the layers   
  
   
1
0
1
i
i
i n
FL FL
i A
U a u dA


                                                                               (16) 
 
where 0 iFLu  is the strain energy density in the i-th layer.  
The strain energy density is equal to the area, OPQ, enclosed by the stress-strain curve (Fig. 3). Thus, 0 iFLu  is written as 
 
0
0
L
iFL iu d

                                                              (17) 
 
By substituting of (5) in (17), one derives 
 
 0
1 ln ln
i
i i i i
FL L L
i i i i i
s s s su
p p p p p
           
                        (18) 
 
The strain energy cumulated in the un-cracked shaft portion is expressed as 
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      0
1
i
i
i n
FH FH
i A
U l a u dA


                                              (19) 
 
where the strain energy density in the i-th layer, 0 iFHu , is obtained by formula (18). For this purpose, L  is replaced with 
H .  
By substituting of (3), (15), (16) and (19) in (2), one obtains 
 
  1 0 0
1 1
1
i i
i i
i n i n
II L H FL FH
i ib b A A
FG u dA u dA
r r
  
 
 
       
                            (20)   
   
Apparently, the torsion moment, T , induces mode III crack loading conditions (Fig. 1). By analyzing the balance of the 
energy, the mode III component of the strain energy release rate, IIIG , is written as 
 
    
12
2 2
T
III
b b
UTG
r a r a

 
                                                                                            (21) 
 
where   is the angle of twist of the end section of the shaft, TU  is the strain energy cumulated in half of the shaft as a 
result of the torsion. In (21), the expression in the brackets is doubled in view of the symmetry (Fig. 1).  
By applying methods of Mechanics of materials, one obtains 
 
       qm
b
a l a
r R
                                                             (22) 
 
where m  and q  are the shear strains at the periphery of the cross-sections of the internal crack arm and the un-cracked 
shaft portion, respectively.  
The shear strain at the periphery of the cross-section of the internal crack arm is determined by using the following 
equation for equilibrium of the cross-section of the internal crack arm: 
 
      
1
1 i
i n
i
i A
T rdA


                                                                 (23) 
 
where i  is the distribution of the shear stresses in the i-th layer induced by the torsion.  
In the present paper, the mechanical behavior of the functionally graded material in torsion is described by the following 
non-linear stress-strain relation [13]: 
 
    i
i if g
                                                                                                                         (24) 
 
where   is the shear strain, if  and ig  are the distributions of the material properties in the i-th layer.  
The continuous variation of if  and ig  in the radial direction of the i-th layer is described by the following hyperbolic 
laws: 
 
    
1
1
i
i
B
i
i
D
i i
f
f r rf
r r
  
                                               (25) 
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1
1
i
i
B
i
i
D
i i
g
g r rg
r r
  
                                                                  (26) 
 
where  
 
   1i ir r r                                                                                                                                  (27) 
 
The radiuses, ir  and 1ir  , are shown in Fig. 2. In (25) and (26), iBf , iDf , iBg  and iDg  are material properties ( iDf  and 
iDf  govern the gradient of if  and ig , respectively).  
The distribution of shear strains in radial direction is written as 
 
     m
b
r
r
                                                                                                                             (28) 
 
By substituting of (24), (25), (26) and (28) in (23), one derives 
 
        1 4 4 51 1
1
2 1 1 5
4 5
i n
m i i i i i i
i b
T r r r r
r
   

 

                                                                                  (29) 
 
where  
 
    1i
i
                                                                                                         (30) 
 
 22 21 1
i i
i
B i B m
i
D ii i i
i b
i
f g
g rr r
     
      
                                                                           (31) 
iD
i
i
f                                                                                                                            (32) 
 
1
iB
i
i i
f
r
                                                                                                          (33) 
 
It should be mentioned that at 0
iBg   and 0iDf   Eqn. (29) transforms in 
 
   1 4 41
1
1
2
i
i n
m i i
i b B
T r r
r f
 



                                                                                      (34) 
 
The fact that (34) is exact match of the equation for equilibrium of a multilayered circular shaft made by linear-elastic 
homogeneous layers loaded in torsion [14] is an indication for consistency of (34) since at 0
iBg   and 0iDf   the non-
linear stress-strain relation (24) transforms in the Hooke’s law assuming that 1/
iBf  is the shear modulus in the i-th layer.   
Eqn. (29) should be solved with respect to m  by using the MatLab computer program.  
Eqn. (29) is used also to determine the shear strain at the periphery of the cross-section of the un-cracked shaft portion. 
For this purpose, 1n , br  and m  are replaced, respectively, with n , R  and q  in (29) and (31).   
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Figure 4: Non-linear    diagram. 
     
The strain energy cumulated in half of the shaft as a result of the torsion is obtained as 
 
    T TL THU U U                                                                                     (35) 
 
where TLU  and THU  are the strain energies in the internal crack arm and the un-cracked shaft portion, respectively.  
The strain energy in the internal crack arm is written as 
 
   
1
0
1
i
i
i n
TL TL
i A
U a u dA


                                                                               (36) 
 
where 0 iTLu  is the strain energy density in the i-th layer as a result of the torsion. In principle, the strain energy density is 
equal to the area, OPQ, enclosed by stress-strain curve in Fig. 4. Thus, formula (18) can be used to obtain 0 iTLu . For this 
purpose, 0 iFLu , L , is  and ip  are replaced, respectively, with 0 iTLu ,  , if  and ig , where   is expressed by (28).   
The strain energy cumulated in the un-cracked shaft portion as a result of the torsion is expressed as 
 
    0
1
i
i
i n
HL TH
i A
U l a u dA


                                                                         (37) 
 
where the strain energy density in the i-th layer, 0 iTHu , is obtained by (18). For this purpose, 0 iFLu , L , is  and ip  are 
replaced, respectively, with 0 iTHu , H , if  and ig . Here, the distribution of the shear strains is written as 
 
H q
r
R
                                                                                                            (38)  
 
By substituting of (22), (35), (36) and (37) in (21), one obtains 
 
1
0 0
1 1
1
i i
i i
i n i n
qm
III TL TH
i ib b b A A
TG u dA u dA
r r R r

 
 
 
             
                        (39)   
 
The total strain energy release rate, G , is written as 
 
II IIIG G G                                                                                                                  (40) 
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By substituting of (20) and (39) in (40), one arrives at 
 
  1 0 0
1 1
1
i i
i i
i n i n
L H FL FH
i ib b A A
FG u dA u dA
r r
  
 
 
        
      
 
1
0 0
1 1
1
i i
i i
i n i n
qm
TL TH
i ib b b A A
T u dA u dA
r r R r

 
 
 
             
                                                     (41) 
 
The integration in (41) should be performed by the MatLab computer program.   
In order to verify (41), the strain energy release rate is derived also by differentiating the complementary strain energy with 
respect to the crack area. The total strain energy release rate is written as [15] 
 
    
*dUG
dA
                                                                                                  (42) 
 
where *dU  is the change of the complementary strain energy, dA  is an elementary increase of the crack area. For the 
cylindrical delamination crack (Fig. 1), dA  is expressed as 
 
     2 bdA r da                                                                                                                    (43) 
 
where da  is an elementary increase of the crack length. By substituting of (43) in (42), one arrives at 
 
   
*
2 b
dUG
r da                                                                                                                 (44) 
 
The complementary strain energy cumulated in half of the shaft as a result of the centric tension and torsion is obtained as 
 
      * * *L HU U U                                                                                                                            (45) 
 
where *LU  and 
*
HU  are the complementary strain energies in the internal crack arm and the un-cracked shaft portion, 
respectively.  
The complementary strain energy in the internal crack arm is expressed as 
 
       
1
* *
0
1
i
i
i n
L L
i A
U a u dA


                                                                           (46) 
 
where *0 iLu  is the complementary strain energy density in the i-th layer. The complementary strain energy density is equal 
to the area, OQR, that supplements the area enclosed by the stress-strain curve to a rectangle (Fig. 3 and Fig. 4). Thus, 
*
0 iLu  is written as 
 
  *0 0 0iL i L FL i TLu u u                                                                                               (47) 
 
By substituting of (5), (18), (24) and (28) in (47), one obtains 
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2
*
0
1 ln ln
i
i i i iL
L L L
i i L i i i i i
s s s su
s p p p p p p
  
               
 
2 1 ln lni i i i
i i i i i i i
f f f f
f g g g g g g
  
            
                                                             (48) 
 
where   is determined by (28).   
The complementary strain energy in the un-cracked shaft portion as a result of centric tension and torsion is written as 
 
          * *0
1
i
i
i n
H H
i A
U l a u dA


                                                                             (49) 
 
where the complementary strain energy density, *0 iHu , is obtained by (48). For this purpose, 
*
0 iLu , L  and   are replaced, 
respectively, with *0 iHu , H  and H , where H  is determined by (38).   
The expression, obtained by substituting of (45), (46) and (49) in (44), is doubled in view of the symmetry (Fig. 1). The 
result is 
 
      
1
* *
0 0
1 1
1
i i
i i
n i n
L H
i ib A A
G u dA u dA
r

 
     
                                                                                    (50) 
 
Integration in (50) should be carried-out by the MatLab computer program. It should be noted that the strain energy 
release rate calculated by (50) is exact match of the strain energy release rate determined by (41). This fact verifies the 
analysis of the cylindrical delamination crack in the multilayered functionally graded circular shaft loaded in centric tension 
and torsion (Fig. 1).   
 
Shaft under bending and torsion 
The cylindrical delamination crack is analyzed also when the external loading consists of bending moments, M , and 
torsion moments, T , applied at the two ends of the multilayered functionally graded circular shaft (Fig. 5).  
 
 
Figure 5: Multilayered functionally graded circular shaft loaded in bending and torsion. 
 
Obviously, the bending moments induce mode II crack loading. By considering the balance of the energy, the mode II 
component of the strain energy release rate is derived as 
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MII
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r a r a

 
                                                                    (51) 
 
where   is the angle of rotation of the end section of the shaft due to the bending, MU  is the strain energy cumulated in 
half of the shaft as a result of the bending.  
It should be noted that the bending induces stresses not only in the un-cracked shaft portion and the internal crack arm, 
but also in the external crack arm.    
By using methods of Mechanics of materials,   is obtained as 
 
      L Ha l a                                                                                          (52) 
 
where L  and H  are the curvatures of the crack arms and the un-cracked shaft portion, respectively.  
Since the bending generates mode II crack loading conditions, the two crack arms deform with the same curvature. 
Therefore, L  is determined in the following way. First, the equation for equilibrium of the cross-section of the internal 
crack arm is used 
 
     
1
1
1 i
i n
d i
i A
M z dA


                                                                                                          (53) 
 
where dM  is the bending moment in the internal crack arm. The distribution of the longitudinal normal stress, i , in the 
i-th layer, induced by the bending of the shaft, are expressed by (5). The distribution of the longitudinal strains,  , is 
written as 
 
    1Lz                                                                                                                (54) 
 
By substituting of (5), (6) and (7) in (23), one derives 
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d L i i i L i i i
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M r r r r    

 

                                                                     (55)  
 
where  
 
  
i
i
i
Bs
                                                                                                            (56) 
 
i
i
D
i
B i
s
s
                                                                                                       (57) 
 
The radiuses, ir  and 1ir  , in (55) are shown in Fig. 6.  
It should be noted that at 0
iBp   and 0iDs   Eqn. (55) transforms in 
 
 1 4 41
1
1
4
i
i n
L
d i i
i B
M r r
s



                                                             (58) 
 
which is exact match of the equation for equilibrium of multilayered circular shaft made of homogeneous linear-elastic 
layers loaded in bending [14] assuming that 1/
iBs  is the modulus of elasticity in the i-th layer.  
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Figure 6: Cross-section of the internal crack arm loaded in bending and torsion. 
 
 
Figure 7: Two three-layered functionally graded circular shafts loaded in centric tension and torsion with cylindrical delamination crack 
located between (a) layers 2 and 3 and (b) layers 1 and 2.  
 
In (55), there are two unknowns, dM  and L . One more equation with unknowns dM  and L  is derived by considering 
the equilibrium of the cross-section of the external crack arm. Obviously, (55) can be used as equation for equilibrium of 
the cross-section of the external crack arm. For this purpose, 1n  has to be replaced with 2n  ( 2n  is the number of layers in 
the external crack arm). Besides, dM  has to be replaced with dM M  (this follows from the fact that the sum of the 
bending moments in the two crack arms is equal to M ). Thus, the equation for equilibrium of the cross-section of the 
external crack arm is written as 
 
     2 4 4 5 51 1
1
1 1
4 5
i n
d L i i i L i i i
i
M M r r r r    

 

                                                                (59) 
 
Eqns. (55) and (59) should be solved with respect to L  and dM  by using the MatLab computer program.   
 V. Rizov, Frattura ed Integrità Strutturale, 46 (2018) 158-177; DOI: 10.3221/IGF-ESIS.46.16                                                                               
 
170 
 
Eqn. (55) is used also to determine H . For this purpose, dM , 1n  and L  are replaced, respectively, with M ,  n  and 
H .    
The strain energy cumulated in half of the shaft as a result of the bending is obtained as 
 
      M ML MQ MHU U U U                                                                                        (60) 
 
where MLU , MQU  and MHU  are the strain energies in the internal crack arm, the external crack arm and the un-
cracked shaft portion, respectively. 
Formula (16) is applied to determine MLU . For this purpose, FLU  and 0 iFLu  are replaced with MLU  and 0 iMLu , 
respectively. The strain energy density, 0 iMLu , in the i-th layer of the internal crack arm as a result of the bending is 
obtained by formula (18). For this purpose, 0 iFLu  and L  are replaced with 0 iMLu  and  , respectively (  is expressed 
by formula (54)).       
 
 
Figure 8: Two three-layered functionally graded circular shafts loaded in bending and torsion with cylindrical delamination crack 
located between (a) layers 2 and 3 and (b) layers 1 and 2.  
 
Formula (16) is used also to determine MQU  by replacing of FLU , 1n  and 0 iFLu  with MQU , 2n  and 0 iMQu , 
respectively. 0 iMQu  is determined by replacing of L  with  .   
MHU  is found by formula (19). For this purpose, FHU  and 0 iFHu  are replaced with MHU  and 0 iMHu , respectively. 
The strain energy density, 0 iMHu , in the i-th layer of the un-cracked beam portion as a result of bending is obtained by 
formula (18). For this purpose, 0 iFLu  and L  are replaced with 0 iMHu  and b , respectively. The distribution of the 
longitudinal strains, b , in the cross-section of the un-cracked shaft portion is found by (54). For this purpose,  , L  
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and 1z  are replaced with b , H  and 2z , respectively ( 2z  is the vertical centroidal axis of the cross-section of the un-
cracked portion of the shaft).      
By substituting of (52), MLU , MQU , MHU  and (60) in (51), one derives the following expression for the mode II 
component of the strain energy release rate as a result of the shaft bending: 
 
  1 20 0 0
1 1 1
1
i i i
i i i
i n i n i n
MII L H ML MQ MH
i i ib b A A A
MG u dA u dA u dA
r r
  
  
  
        
                         (61) 
 
The mode III component of the strain energy release rate induced by the shaft torsion is obtained by formula (39). The 
total strain energy release rate is found by addition of (39) and (61). The result is  
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                                           (62) 
 
Integration in (62) should be carried-out by the MatLab computer program.  
 
 
Figure 9: The strain energy release rate in non-dimensional form plotted against 1Ds  property (curve 1 – for the shaft configuration 
shown in Fig. 7a, curve 2 – for the shaft configuration shown in Fig. 8a, curve 3 – for the shaft configuration shown in Fig. 7b, curve 
4 – for the shaft configuration shown in Fig. 8b).   
 
Formula (62) is verified by obtaining of G  with the help of (44). The complementary strain energy cumulated in half of 
the shat as a result of bending and torsion is found as      
 
   * * * *MTL MQ MTHU U U U                                                                                    (63) 
 
where *MTLU , 
*
MQU  and 
*
MTHU  are the complementary strain energies in the internal crack arm, the external crack arm  
and the un-cracked shaft portion, respectively. It should be specified that *MQU  is due to the bending only, since the 
external crack arm is not loaded in torsion.  
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Figure 10: The strain energy release rate in non-dimensional form plotted against 1 3/B Bs s  ratio: curve 1 – for the shaft configuration 
shown in Fig. 7a (linear-elastic solution), curve 2 – for the shaft configuration shown in Fig. 7a (non-linear solution), curve 3 – for the 
shaft configuration shown in Fig. 8a (linear-elastic solution), curve 4 – for the shaft configuration shown in Fig. 8a (non-linear 
solution).   
 
Formula (46) is applied to determine *MTLU . For this purpose, 
*
LU  and 
*
0 iL
u  are replaced with *MTLU  and 
*
0 iMTL
u , 
respectively. Formula (48) is used to obtain the complementary strain energy density, *0 iMTLu , in the i-th layer of the 
internal crack arm. For this purpose, *0 iLu  and L  are replaced, respectively, with *0 iMTLu  and  , where   is expressed 
by (54).        
*
MQU  is obtained by replacing of 
*
LU , 1n  and 
*
0 iL
u , respectively, with *MQU , 2n  and 
*
0 iMQ
u  in (46). *0 iMQu  is 
determined by replacing of *0 iLu  and L , respectively, with *0 iMQu  and   in (48) and taking into account the fact that 
the external crack arm is loaded in bending only. Thus, *0 iMQu  is written as    
 
2
*
0
1 ln ln
i
i i i i
MQ
i i i i i i i
s s s su
s p p p p p p
  
            
                                          (64) 
 
The complementary strain energy cumulated in the un-cracked shaft portion as a result of bending and torsion is 
calculated by (49). For this purpose, *HU  and 
*
0 iH
u  are replaced with *MTHU  and 
*
0 iMTH
u , respectively. Formula (48) is 
used to obtain the complementary strain energy density, *0 iMTHu . For this purpose, 
*
0 iL
u , L  and   are replaced, 
respectively, with *0 iMTHu , b  and H , where H  is found by (38).   
Finally, *MTLU , 
*
MQU  and 
*
MTHU  are added-up and substituted in (44). The result is  
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1
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                                                  (65) 
 
The integration in (65) should be performed by the MatLab computer program. It should be noted that the strain energy 
release rate obtained by (65) is exact match of the strain energy release rate calculated by (62), which is a verification of the 
                                                                           V. Rizov, Frattura ed Integrità Strutturale, 46 (2018) 158-177; DOI: 10.3221/IGF-ESIS.46.16 
 
173 
 
delamination fracture analysis of the multilayered functionally graded non-linear elastic circular shaft loaded in bending 
and torsion.  
 
 
Figure 11: The strain energy release rate in non-dimensional form plotted against 1Dp  property at three 1 3/B Bp p  ratios for the 
shaft configuration shown in Fig. 7a (curve 1 – at  1 3/ 0.5B Bp p  , curve 2  – at  1 3/ 1B Bp p   and curve 3  – at  1 3/ 1.5B Bp p  ).  
 
 
PARAMETRIC INVESTIGATIONS 
 
arametric investigations of delamination fracture in the multilayered functionally graded non-linear elastic circular 
shaft are performed in order to elucidate the effects of material gradients, cylindrical delamination crack location, 
non-linear mechanical behavior of the material and load combinations. For this purpose, calculations of the strain 
energy release rate are carried-out by formulae (41) and (62). The results obtained are presented in non-dimension form by 
using the formula 
3
/N BG G s R . Two three-layered functionally graded circular shafts loaded in centric tension and 
torsion are analyzed in order to elucidate the influence of the cylindrical delamination crack location on the fracture 
behavior (Fig. 7).  
A cylindrical delamination crack is located between layers 2 and 3 in the shaft configuration shown in Fig. 7a. A shaft with 
cylindrical delamination crack located between layers 1 and 2 is also under consideration (Fig. 7b). In both shaft 
configurations, the thickness of the layers is t  (Fig. 7). It is assumed that 50T   Nm, 300F   N and 0.01t   m. In 
order to elucidate the influence of the load combination on the fracture behavior, two three-layered functionally graded 
circular shafts loaded in bending and torsion are also analyzed (Fig. 8). In the shaft shown in Fig. 8a, a cylindrical 
delamination crack is located between layers 2 and 3. A cylindrical delamination crack is located between layers 1 and 2 in 
the shaft configuration in Fig. 8b. The thickness of each layer is 0.01t   m in both shafts (Fig. 8). The loading is 50T   
Nm and 40M   Nm. 
The strain energy release rate in non-dimensional form is presented as a function of 
1Ds  material property ( 1Ds  controls 
the gradient of 1s  property in layer 1) in Fig. 9 for the four shaft configurations shown in Fig. 7 and Fig. 8. It is assumed 
that 
2 3
/ 0.3D Ds s  , 1 3/ 2B Bs s  , 2 3/ 1.8B Bs s  , 1 3/ 0.3D Dp p  , 2 3/ 0.2D Dp p  , 3 3/ 0.4D Dp s  , 1 3/ 1.7B Bp p  , 
2 3
/ 1.9B Bp p  , 3 3/ 0.9B Dp p  , 1 3/ 0.4D Df f  , 2 3/ 0.3D Df f  , 3 3/ 0.5D Df s  , 1 3/ 1.7B Bf f  , 2 3/ 1.6B Bf f  , 
3 3
/ 1.1B Bf s  , 1 3/ 0.2D Dg g  , 2 3/ 0.5D Dg g  , 3 3/ 0.4D Dg s  , 1 3/ 1.5B Bg g  , 2 3/ 1.9B Bg g   and 3 3/ 0.8B Bg s  . 
Curves in Fig. 9 indicate that the strain energy release rate decreases with increase of 
1Ds . This behavior is due to the 
decrease of the shaft stiffness. It can also be observed in Fig. 9 that the strain energy release rate increases when the 
cylindrical delamination crack position is changed from this shown in Fig. 7a and Fig. 8a to that shown in Fig. 7b and Fig. 
P 
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8b. This finding is attributed to the increase of the stiffness of the internal crack arm. Fig. 9 shows also that the loading 
combination “bending and torsionˮ generates higher strain energy release rate in comparison with the loading 
combination “centric tension and torsionˮ for the considered values of F , T  and M .       
 
 
Figure 12: The strain energy release rate in non-dimensional form plotted against 1Df  property at three 1 3/B Bf f   ratios for the 
shaft configuration shown in Fig. 7a (curve 1 – at  1 3/ 0.7B Bf f  , curve 2  – at  1 3/ 1.2B Bf f   and curve 3  – at  1 3/ 1.7B Bf f  ). 
 
 
Figure 13: The strain energy release rate in non-dimensional form plotted against 1Dg  property at three 1 3/B Bg g   ratios for the 
shaft configuration shown in Fig. 7a (curve 1 – at  1 3/ 0.8B Bg g  , curve 2  – at  1 3/ 1.3B Bg g   and curve 3  – at  1 3/ 1.8B Bg g  ). 
 
The strain energy release rate in non-dimensional form is presented as a function of 
1 3
/B Bs s  ratio in Fig. 10 for the shaft 
configurations shown in Fig. 7a and Fig. 8a. One can observe in Fig. 10 that the strain energy release rate increases with 
increasing of 
1 3
/B Bs s  ratio (this due to the decrease of the shaft stiffness). Curves in Fig. 10 confirm the finding that 
when the shat is loaded in bending and torsion the strain energy release is higher in comparison with the case when the 
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shat is loaded in centric tension and torsion for the considered values of F , T  and M . In order to evaluate the effect of 
the material non-linearity on the delamination fracture, the strain energy release rate obtained assuming linear-elastic 
behavior of the three-layered functionally graded shafts is plotted in non-dimensional form against 
1 3
/B Bs s  ratio in Fig. 
10 for comparison with the strain energy release rate generated by the non-linear solution. It should be mentioned that 
that the linear-elastic solution to the strain energy release rate is derived by substituting of 0
iBp   and 0iBg  , where 
1, 2, 3i  , in formulae (41) and (62). It can be observed in Fig. 10 that the material non-linearity leads to increase of the 
strain energy release rate.  
The strain energy release rate in non-dimensional form is presented as a function of 
1Dp  material property in Fig. 11 at 
three 
1 3
/B Bp p  ratios for the shaft configuration shown in Fig. 7a. The curves in Fig. 11 indicate that the strain energy 
release rate decreases with increase of 
1Dp . It can be observed also that the strain energy release rate increases with 
increasing of 
1 3
/B Bp p  ratio (Fig. 11).   
The influence of 
1Df  material property on the delamination fracture behavior is shown in Fig. 12. The shaft 
configuration in Fig. 7a is considered. One can observe that the strain energy release rate decreases with increasing of 
1Df  
(Fig. 12). The curves in Fig. 12 show that the increase of 
1 3
/B Bf f  ratio leads to increase of the strain energy release rate.  
 
 
Figure 14: The /III IIG G  ratio plotted against /T F  ratio for the shaft configuration shown in Fig. 7a. 
 
The effect of 
1Dg  material property and 1 3/B Bg g  ratio on the delamination fracture is illustrated in Fig. 13. The shaft 
configuration shown in Fig. 7a is analyzed. Fig. 13 shows that the strain energy release rate decreases when 
1Dg  increases. 
It can be observed in Fig. 13 that the strain energy release rate increases with increasing of 
1 3
/B Bg g  ratio.  
The influence of the torsion moment - to - longitudinal force, /T F , ratio on the mode III component of the strain 
energy release rate - to - mode II component of the strain energy release rate, /III IIG G , ratio is shown in Fig. 14. The 
shaft configuration in Fig. 7a is considered. One can observe in Fig. 14 that /III IIG G  ratio increases with increasing of 
/T F  ratio.  
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Finally, the effect of the bending moment - to - torsion moment, /M T , ratio on the strain energy release rate is 
illustrated in Fig. 15. The shaft configuration shown in Fig. 8a is analyzed. The curve in Fig. 15 indicates that the total 
strain energy release rate increases with increasing of /M T  ratio.  
 
 
Figure 15: The strain energy release rate in non-dimensional form plotted against /M T  ratio for the shaft configuration shown in 
Fig. 8a.  
 
 
CONCLUSIONS 
 
 delamination fracture analysis of multilayered functionally graded circular shaft is developed in terms of the 
strain energy release rate. The shaft is made of an arbitrary number of adhesively bonded concentric longitudinal 
layers which have different thicknesses and material properties. The material in each layer is functionally graded in 
radial direction. Besides, the material exhibits non-linear mechanical behavior in each layer. The continuous variation of 
material properties in radial direction is described by hyperbolic laws. A cylindrical delamination crack is located arbitrary 
between layers (the internal crack arm is a shaft of circular cross-section; the external crack arm is a shaft of ring-shaped 
cross-section).  
Two load combinations (centric tension and torsion, and bending and torsion) are investigated. These load combinations 
generate mixed mode II/III delamination fracture (the centric tension and bending generate mode II crack loading 
conditions, the torsion generates mode III crack loading conditions). The strain energy release rate is derived by analyzing 
the balance of the energy. In order to verify the solution obtained, the strain energy release rate is determined also by 
differentiating the complementary strain energy with respect to the crack area.  Parametric investigations of the 
delamination fracture are carried-out in order to evaluate the effects of material gradients, the crack location, the material 
non-linearity and the load combinations. It is found that the strain energy release rate increases with increasing of 
1 3
/B Bs s , 1 3/B Bp p , 1 3/B Bf f  and 1 3/B Bg g  ratios. The increase of 1Ds , 1Dp , 1Df  and 1Dg  leads to decrease of the 
strain energy release rate. Concerning the influence of the delamination crack location on the fracture behavior, it is found 
that the strain energy release rate decreases when the diameter of the cross-section of the internal crack arm increases. The 
analysis reveals that the non-linear mechanical behavior of the material leads to increase of the strain energy release rate. 
The comparison between the strain energy release rates generated by the two loading combinations shows that the strain 
energy release rate is higher when the shaft is loaded in bending and torsion for the considered values of the longitudinal 
force, bending and torsion moments. The results obtained in the present paper show that the strain energy release rate in 
A 
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multilayered functionally graded circular shafts can be controlled by using appropriate material gradients in radial 
direction. The present paper is a contribution in delamination fracture mechanics of multilayered functionally graded 
circular shafts exhibiting non-linear mechanical behavior of the material under combined loads.          
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